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Abstract— In this paper we present a novel method for
robust, optimal control of nonlinear systems under probabilistic
uncertainty. The method extends a previous approach for linear
systems that approximates the distribution of the predicted
system state using a finite number of particles. We couple
this particle-based approach with a nonlinear solver that does
not take into account uncertainty to give a new method
for nonlinear, robust control. Any solution returned by the
algorithm is guaranteed to be -close to a local optimum of
the nonlinear stochastic control problem.

I. I NTRODUCTION
Autonomous vehicles need to be able to plan trajectories
to a specified goal that avoid obstacles, and are robust to
the inherent uncertainty in the problem[3], [14], [15], [16],
[17]. This uncertainty arises due to uncertain state estimation,
disturbances and modeling errors, which can be described
using probabilistic models of uncertainty.
Previous work posed this problem as chance-constrained
optimal predictive control. Chance constraints ensure the
probability of failure is less than a specified threshold. A
number of solutions exist for the case where all uncertain
variables have Gaussian distributions, and the system dynamics are linear[1], [3], [7], [12], [18]. In the case of
non-Gaussian distributions, our previous work solved the
problem by approximating the distribution of the system
using a finite number of particles[2]. In this manner an
intractable stochastic control problem can be approximated
as a deterministic one, and for linear systems the resulting
optimization can be solved to global optimality extremely
efficiently using Mixed-Integer Linear Programming[8]. Furthermore, as the number of particles tends to infinity, the
approximation becomes exact.
While in estimation particle-based approaches have been
shown to give the most benefit with nonlinear systems
and non-Gaussian noise, the particle control approach was,
however, limited to linear systems. In this paper, we extend
the approach to apply to nonlinear systems. The key idea
behind the approach is to use an initial solution to the
nonlinear control problem that does not take into account
uncertainty, and then use the particle control approach to
turn this non-robust solution into a robust one. Any solution
returned by the algorithm is guaranteed to be -close to a
local optimum of the nonlinear stochastic control problem.
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II. P ROBLEM S TATEMENT
We consider a discrete-time dynamic system where the
future states x1:T  [x1 , · · · , xT ] are functions of the control
inputs u0:T −1  [u0 , · · · , uT −1 ], the initial state x0 , and
disturbances ν0:T −1  ν0 , · · · , νT −1 :
x1 = f1 (x0 , u0 , ν0 )
x2 = f2 (x0 , u0:1 , ν0:1 )
..
.

(1)

xT = fT (x0 , u0:T −1 , ν0:T −1 ).
The initial state and disturbances are uncertain, but are modeled as random variables with known distributions. Hence the
future states are also random variables, whose distributions
depend on the control inputs. We assume that the initial state
and disturbances are independent. Modeling errors can be
modeled as an additional stochastic disturbance process[13]1 .
Note that we make no assumptions on the form of the
uncertain distributions.
In this paper we are concerned with the following stochastic predictive control problem:
Choose a finite, optimal sequence of control inputs
from a continuous, bounded set U , which takes
into account probabilistic uncertainty so that the
probability of the system state leaving a given
feasible region F is at most δ.
Optimality is defined in terms of minimizing
h(u0:T −1 , x1:T ). This function can be defined in terms
of minimizing control effort, for example. In the case of
vehicle path planning, the feasible region can be defined so
that the system state is in a goal region at the final time
step, and avoids a number of obstacles at all time steps.
III. R EVIEW OF PARTICLE C ONTROL FOR L INEAR
S YSTEMS
In [2] we described an approach for solving the problem in
Section II. The key idea is that by approximating all probabilistic distributions using particles, an intractable stochastic
optimization problem can be approximated as a tractable
deterministic one. The particle-based approach enables us to
deal with arbitrary probability distributions. By solving this
deterministic problem we obtain an approximate solution to
the original stochastic problem, with the additional property
1 For notational simplicity we assume for the rest of the development a
single disturbance process; however the method applies equally to multiple
disturbance processes, and hence to modeling errors as well as external
disturbances.

that as the number of particles used tends to infinity, the
approximation becomes exact. The approach is summarized
as follows:
1) Generate N samples from the joint distribution of
initial state and disturbances.
2) Express the distribution of the future state trajectories
approximately as a set of N analytic particles, where
(i)
each particle x1:T corresponds to the state trajectory
given a particular set of samples. Each particle depends
explicitly on the control inputs u0:T −1 , which are yet
to be generated.
3) Approximate the chance constraints in terms of the
generated particles; the probability of x1:T falling
outside of the feasible region is approximated as the
(i)
fraction of particles x1:T that do so.
4) Approximate the cost function in terms of particles.
5) Solve the deterministic constrained optimization problem for control inputs u0:T −1 .
The general particle control problem results in a deterministic
optimization problem that is intractable, except for very small
problems. However in [2] we showed that for a polytopic
feasible region F , piecewise linear cost function h and linear
system dynamics xt+1 = Axt + But , the deterministic
optimization can be solved to global optimality in an efficient
manner using Mixed-Integer Linear Programming. This re(i)
lies on the fact that each particle x1:T is a linear function of
the control input sequence u1:T −1 .This is also true for timevarying linear systems. We now couple the particle control
approach for time-varying linear systems with a non-robust
planner for nonlinear systems to give a tractable particle
control approach for nonlinear systems.

1)
2)

3)

4)
5)

(i)

We denote these fixed particle trajectories as x̂1:T :
ˆ (i) (i)
(i)
(i) ˜
x̂1:T = x̂1 x̂2
· · · x̂T
(i)

x̂t
6)

7)

(i)

8)

Lemma 1. Any solution returned by the new method is close to a local optimum of the nonlinear stochastic control
problem.
Proof: The new approach returns a solution u∗1:T only if a
robust solution to the linearized particle control problem was
found in the interior of linearization region U k . This plan is

9)

10)

(i)

(2)

(i)

= ft (x0 , ūk0:t−1 , ν0:t−1 ).

Linearize for each particle. For each fixed particle, linearize the
(i)
system dynamics about the state trajectory x̂1:T to generate a
(i)
(i)
time-varying linear system At , Bt .
Calculate linearized analytic particles. For each particle, using the
same samples for the uncertain variables as generated in Step 5,
calculate the state trajectory as a function of the control inputs
u0:T −1 :
ˆ (i) (i)
(i)
(i) ˜
· · · xT
x1:T = x1 x2
xt

IV. PARTICLE C ONTROL FOR N ONLINEAR S YSTEMS
The key idea behind the new approach is to use the particle
control method described in Section III to create a solution to
the robust nonlinear control problem, starting from a solution
generated by a non-robust nonlinear controller. The robust
solution search is limited to a linearization region around the
non-robust solution. If this does not contain a robust solution,
a new non-robust plan is generated with the linearization
region removed from the search space. By repeating this
process, the search space is explored to find robust solutions
even in the case of non-convex problems. We assume that
we have a nonlinear planner that, given a given a nonlinear,
discrete-time, deterministic planning problem, and a feasible
region that may be nonconvex, returns a locally optimal
control sequence, which we denote ū1:T . Examples of such
planners include[5], [6], [9], [10], [11] The new algorithm
is given in Table I and illustrated in Figure 1.

Initialization. Assign k = 1, U 1 = U and h∗ = +∞
Generate the non-robust control problem P̄ k = f¯, F, U k , h̄.
The deterministic system dynamics f¯ and cost function h̄ are
generated by setting the uncertain variables x0 and νt to their
mean values. The deterministic system state is constrained to stay
within F .
Solve the non-robust control problem P̄ k . This gives the globally optimal control sequence ūk0:T −1 , the corresponding state
sequence x̄k1:T , and the cost h̄k for iteration k. If the problem is
infeasible, stop.
Check for existing robust solution. If h∗ ≤ h̄k , stop.
Generate fixed particles. Generate N samples of the initial state
distribution and disturbances. Calculate the state trajectory for
each particle assuming that the control input is fixed at ūk0:T −1 .
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Solve linearized particle control problem P k . Each particle x1:T
is a linear function of the control inputs u0:T −1 . The cost function
h is linearized about the non-robust control solution ūk0:T −1 .
Using these linearized analytic functions, the problem of finding
control inputs such that p(x1:T ∈
/ F ) ≤ δ is approximated using
the particle control approach described in Section III. We add the
constraint that the control input must lie close to ū0:T −1 , within a
polytopic linearization region R, the size of which is specified by
the user. The problem is solved to give a robust solution uk0:T −1
with cost hk , or is infeasible.
Remove linearization region. Increment k and assign U k =
U k−1 /R where the operator / denotes the set difference. If a
feasible solution uk0:T −1 was found in the strict interior of U k ,
assign h∗ = min{hk , h∗ }.
Go to step 2.
TABLE I. Particle Control Approach for Nonlinear Systems

the optimal linearized particle control solution in region U k ,
which would be a local optimum to the nonlinear robust
problem except for the approximation error introduced by
linearization and sampling. Linearization approximates the
system dynamics and cost function, but since the linearization region is known and bounded, the approximation error
can be bounded using standard results. Particles approximate
the true distribution of the uncertain variables, but results
from prior work in particle filtering exist that bound the
approximation here also[4]. Hence by specifying the size
of the linearization region and the number of particles used,
the error between the solution u∗1:T and the locally optimal
solution to the nonlinear problem can be bounded to a desired
value .


V. C ONCLUSION
We have presented a novel approach to robust, optimal
control of nonlinear systems under uncertainty. Chance constraints are used to formulate robustness. The new method
extends our previous particle-based approach for linear systems by linearizing around a solution generated by a nonlinear solver that does not take into account uncertainty. Any
solution returned by the new method is guaranteed to be close to a local optimum of the nonlinear stochastic control
problem. Future work will validate this approach empirically
and will develop extensions of the method that guarantee
global optimality and completeness.
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Fig. 1. Illustration of new nonlinear particle control approach for
obstacle avoidance example. The system state must avoid obstacles
and end in the goal region with probability at least 90%. a) The nonrobust problem is solved using a nonlinear discrete-time planner that
does not take into account uncertainty. b) A particle control problem is
generated by linearizing about the non-robust solution. In this case no
robust solution exists within the linearization region. c) The nonlinear
planner finds a new solution that also avoids the linearization region. d)
A new particle control problem is generated about the new non-robust
solution. This problem is solved to find a robust solution. In this case a
robust solution exists, and exactly 90% of the particles succeed.

